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S' 

0^ \ Abstract. In this work we give a method for constructing a one-parameter family of 

complete CMC-1 (i.e. constant mean curvature 1) surfaces in hyperbolic 3-space that 
i' correspond to a given complete minimal surface with finite total curvature in Euclidean 

3-space. We show that this one-parameter family of surfaces with the same symmetry 
properties exists for all given minimal surfaces satisfying certain conditions. The surfaces 
04 ' we construct in this paper are irreducible, and in the process of showing this, we also 

prove some results about the reducibility of surfaces. 
■ Furthermore, in the case that the surfaces are of genus 0, we are able to make some 

\ estimates on the range of the parameter for the one-parameter family. 

o ' 

o . 

^ ■ 1. Introduction 
O 

^ \ Recently, new examples of immersed CMC-1 surfaces of finite total curvature in the 

\ hyperbolic 3-space H^{—\) of curvature —1 have been found (cf. ||U Yl|] , ||U Y2|| , and 
||U Y4|| ). One method used to make these new examples is the following: The set of all 



conformal branched CMC-c (i.e. constant mean curvature c) immersions in H {—c ) of fi- 
[ nite total curvature with hyperbolic Gauss map G defined on a compact Riemann surface 
M corresponds bijectively to the set of conformal pseudometrics of constant curvature 
1 with conical singularities on M. (cf. [|UY4|1 .) By the work of Small 0], this corre- 



spondence can be explicitly written when the immersion can be lifted to a null curve in 
5^ I PSL[2,C) = 5'L(2, C)/{±1}. This gives a method for constructing new examples. How- 
ever, to construct non-branched CMC-c surfaces is still difficult, because the method above 
does not give any control over branch points. 

In this paper we use a new method to construct new examples without branch points, 
which have higher genus, many symmetries, and embedded ends. More precisely, we prove 
that for each complete symmetric finite-total-curvature minimal surface in M.^ with a non- 
degenerate period problem, there exists a corresponding one-parameter family of CMC-1 
surfaces in H^{—1). We define the terms "symmetric" and "non-degenerate" later. To 
prove the existence of these corresponding one-parameter families, we begin by using a 
small deformation from the original minimal surface in M^, preserving its (hyperbolic) 
Gauss map G and Hopf differential Q. This gives us CMC-c surfaces in H^{—c^), for 
c ~ 0. Finally, we rescale the surfaces into CMC-1 surfaces in H^{—1). The method is 
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somewhat similar to that of [[U Y2|| , the main difference being that we use the duahty on 
CMC-1 surfaces to keep the symmetry properties of the initial minimal surfaces. 

Here, we briefly outline the construction: Let /o : M ^ be a conformal minimal 
immersion defined on a Riemann surface M. We set 

G = — — , uj = dxi — idx2 , Q = uj ■ dG, 

OXi — 10x2 

where the dot means the symmetric product. Then G is the Gauss map of /o, and Q is the 
Hopf differential, namely the (2, 0)-part of the complexification of the second fundamental 
form. The pair (G, cu) is called the Weierstrass data of /q. For the CMC-c surfaces in 
c^), the Weierstrass data can also be defined. The CMC-c surface fc with the same 
Weierstrass data (G, —u) as — /o is only defined on the universal cover of M. We set 

/ is a conformal CMC-c immersion 
f: M ^ H^{-c^) ; with hyperbolic Gauss map G 
and Hopf differential Q. 

In Section]^, we show that the set !D^|^(G, Q) can be identified with the hyperbolic 3-space 
IH? . (We will use two different notations for hyperbolic space. The notation will be 
used to represent the ambient space for CMC surfaces, and the notation Ti^ will be used 
to represent the parameter space of 2!)(G, Q).) We show that any two CMC-c immersions 
in T)^^{G, Q) are non- congruent, and they are dual surfaces of the CMC-c surface fc- (As 
mentioned above, (G, —u) is the Weierstrass data of fc- The duality exchanges the roles 
of the hyperbolic Gauss map and the secondary Gauss map, and at the same time the sign 
of the Hopf differential is reversed.) 

Then, defining a subset Ij^{G,Q) of immersions which are single- valued on M: 

(1.1) /ff (G, g) = {/ G dS(G, Q) ; / is single- valued on M itself.} , 

we show that Im{G, Q) is either empty, or is a connected totally geodesic subspace of di- 
mension 0, 1 or 3 in Ti^. (The two-dimensional case does not occur. ) When dim /i^^(G,g) = 
0, the unique CMC-c immersion in I^{G, Q) is irreducible in the sense of [ |U Y 1|| . For ini- 
tial minimal surfaces /o, which are symmetric, and have non-degenerate period problems, 
we can construct a one-parameter family of CMC-1 surfaces fc'-M~->- H^{—c^) with the 
same symmetry properties as /q. Moreover, if the initial minimal surface is generated 
from a fundamental domain by reflections with respect to three non-parallel planes, we 
can show that I^j{G,Q) consists of only one point, whenever c is sufficiently small. This 
unique surface coincides with the above fc- If we consider H^{—c^) as the Poincare model 
of radius l/|c|, then it converges to the initial surface /o as c 0. (See Remark |5^.) The 
method we have just described can be applied to virtually all of the well-known symmetric 
minimal surfaces in M?- (See Section ^) When the hyperbolic Gauss map G and the Hopf 
differential Q have certain properties, our method is valid even without initial minimal 
surfaces. In Section |^, we demonstrate this by constructing hyperbolic correspondences 
of the catenoid fence and Jorge-Meeks fences (cf. ||Kai)| , 0). Taking limits of these sur- 



faces as c approaches 0, we obtain alternative proofs of the existence of the corresponding 
minimal surfaces in M^. 
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Other useful applications of duality for CMC-1 surfaces can be found in 



|UY5 |. 



2. Preliminaries 
In this paper, we use the following identification: 

(2.1) H^{-c^) = S^^aa* ■ ae SL{2,C)Y 

where a* = *a. The complex Lie group PSL{2, C) = SL{2, C)/{±1} acts isometrically on 
H^{- c^) by a op = apa*, where a G PSL{2,C) and p G H^{-c^). (See |B?3], [ [UYl| , or 
pY2i .) 

Let M be a Riemann surface and f : M —>■ H^{—c^) a complete conformal CMC-c 
immersion of finite total curvature. Then there is a null holomorphic immersion F: M — > 
SL{2,C) defined on the universal cover M of M such that / = {l/c)FF*. Such F is 
uniquely determined up to the ambiguity Fb, for b G SU{2). Define a meromorphic 
function G by 

(2 2) G = = ^^^"^ 

dF2i dF22 

where F = (-Fij)ij=i,2- Then G is a meromorphic single- valued function on M. The 
function G is called the hyperbolic Gauss map of / (cf. [[Bry ]). We can set 

(2.3) F''dF = c(^^ Zf)^^ 

where 5^ is a meromorphic function on M and is a holomorphic 1-form defined on M. We 
call the pair {g,u) the Weierstrass data of the CMC-c immersion /, and g the secondary 
Gauss map of /. The pair {g.,uj) also have an 5'?7(2)-ambiguity with respect to that of 
F (cf. Remark |2.1|) . By using the Weierstrass data {g,uj), the first fundamental form ds'^ 
and the second fundamental form h are written as 

(2.4) ds'^ = {l + \g\'^fuj - to, h = -Q-Q + cds^ , 
where 

(2.5) Q = uj-dg. 

Conversely, if the Weierstrass data {g^oj) on M satisfying the compatibility condition 

(2.6) ds^ = {I + \g\^f oj ■ oj > Q 

is given abstractly, then there is a CMC-c immersion f : M ^ H^{—c^) with Weierstrass 
data ((yf, oj). 

Remark 2.1. Let f : M H^{—c^) be another conformal CMC-c immersion with Weier- 
strass data {cjiOj). Then / and / are congruent if and only if their fundamental forms 
mutually coincide, which, by (2.4), is equivalent to the following condition: 

(2.7) g = '^^ , 1 , u = {qg + pfu, 

qg + p 
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G Sf/(2) , 



for some matrix 

b=(P 

P/ 

where \p\'^ + \q\^ = 1 (cf. ||UY1| , (1.6)]). We call this SU (2)- equivalence. Transforming 
{g,uj) into {g,u}) in (2.3) transforms F into Fb~^. Thus 

/ = -{Fb'^){Fb-^)* = -FF* = f 
c c 

holds. 

The holomorphic quadratic differential Q defined by (2.5) is called the Hopf differential 
of /. By (2.4), Q is single- valued on M. The hyperbolic Gauss map G, the secondary 
Gauss map g and the Hopf differential Q satisfy the identity (cf. [[UY1|| , [[UY4|| ) 



(2.8) S{g) - SiG) = 2cQ , 

where S{g) = Sz{g)dz'^ is the Schwarzian derivative of g, namely Sz{g) is 



(2.9) ^^(^^=(7)'-^!^)' (' = ^/^^)- 

Definition 2.2. Let {g^^^) be a Weierstrass data on M with the compatibility condition 
(2.6). Then there exists a conformal CMC-c immersion f:M^ H^i-c^) with the Weier- 
strass data {g,oo). Let G be the hyperbolic Gauss map of /. Then there exists a unique null 
holomorphic immersion F : M ^ SL{2,C) satisfying (2.2) and (2.3) (cf. [ |U Y4| , Theorem 
1.6]). We call F the lift of / with respect to the Weierstrass data {g,uj). 

For a meromorphic function G and a holomorphic 2-differential Q defined on M, the 
set S)S(G,Q) is defined as in the introduction. 

Lemma 2.3. The following assertions are equivalent: 

(1) D^^]{G,Q) is nonempty. 

(2) The symmetric tensor 



is positive definite on M. 

Moreover, any immersion f in D^^j{G,Q) has a complete induced metric whenever ds^ is 
a complete metric of finite total curvature and Q has poles of order at most 2. 



Proof. Assume that [[2j holds. Then there is a conformal CMC-c immersion f : M ^ 
H^{—c^) with the Weierstrass data (G, —Q/dG). Let g be the hyperbolic Gauss map of 
/. Take the lift F: M SL{2, C) of /. We set 

f* = -F-\F-^y : M H'^i-c^), 
c 



which is called the dual surface in | |U Y5| ]. By taking the dual, the hyperbolic Gauss 



map G and the secondary Gauss map g are exchanged, and the sign of Q is reversed. 
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So the conformal CMC-c immersion /* has the hyperbohc Gauss map G and the Hopf 
differential Q. (See Proposition 4 of ||U Y5|] , with special attention to the sign of Q.) Hence 
/* G D^^]{G, Q), and |[2]| implies [(T)| . Moreover the completeness of the induced metric of 
/* follows from [|U Y5| , Lemma 5]. 

Conversely, suppose that / G D^^{G,Q) is given. Let {g,uj) be the Weierstrass data 
of /. Taking the lift F of f with respect to the Weierstrass data {g,(2i), the conformal 
CMC-1 immersion defined by /* = has the Weierstrass data {G,—Q/dG). 

Since is an immersion, the first fundamental form dsQ of /* is positive definite. □ 



Corollary 2.4. Suppose that f G T)'(]{G,Q) satisfies f = {l/c)FF*, where F: M 
SL{2,C) is a null holomorphic immersion. Then F satisfies the differential equation 

(2.10) dF-F-^ = 

Proof. As seen above, the dual immersion / = {l/c){F~^){F^^)* has the Weierstrass data 
{G, —Q/dG). Since {F~^)~^d{F~^) = —dFF~^, the assertion immediately follows from 
(2.3). □ 




Lemma 2.5. IfD^^{G,Q) is not empty, then it is identified with the hyperbolic 3-space 

In the above statement, we used the notation Ti? for the hyperbolic 3-space to distinguish 
it from the hyperbolic 3-space as the ambient space for CMC surfaces. 

Proof. Choose a CMC-c immersion /o G D^l]{G, Q), and fix a null holomorphic immersion 
Fq-.M^ SL{2,C) such that /o = {l/c)Ff^F*. Consider jmy immersion /i G T)^^]{G,Q). 
Then there exists a null holomorphic immersion Fi : M — > SL{2, C) satisfying /i = 
(l/c)F^F^*. Let go and gi be the secondary Gauss maps of /o and /i, respectively. By 
(2.8), Sz{go) = Sz{gi). Thus a well-known property of the Schwarzian derivative yields 

_ iigo + — 12 some a = (akj)k i=i 2 G SL(2, C) . 

a2igo + a22 ' 

Since the hyperbolic Gauss maps of /o and /i coincide, we have Fi = Fqo^^ (cf. [ |U Y4| , 
(1.6)]). Thus /i = {l/c)F,{a-'){a-'yF*, and 



Dg(G',Q) = !^-^Foia-')ia-'yF*;a G 5L(2,C) 

~ {(a"^)(a-^)*; aG 5L(2,C)} = 7i:l □ 



By Remark |2.1| , the following assertion is immediately obtained. 

Corollary 2.6. For any two distinct CMC-c immersions /i, f2'. M iJ^(— c^) in D^lj{G, 
Q), there is no isometry T G SL{2, C) such that T(/i) = /2. 



3. Reducibility 

Let M bea Riemann surface and p: M ^ M the universal cover of M. We fix a reference 
point Zq E M and identify canonically the fundamental group 7ri(M) = 7ri(M, p(5o)) with 
the deck transformation group on M. Take a meromorphic function G arid a holomorphic 

2- differential Q defined on M. We identify the lifts G o p and Q o p on M with G and Q 
themselves. 

We consider the subset Q) of S)S(?(G, Q) as defined as (1.1). When S)S(G, Q) is 

non-empty, as seen in Lemma |2.5| , we can consider I^^{G, Q) as a subset of the hyperbolic 

3- space H^. The set I^^{G,Q) is closely related to the reducibility of CMC-c surfaces. 
We recall the definition (cf. PYl| , Definition 3.1]): For / G d£^(G,Q), we define a 
pseudometric daj by = {—K)ds'^, where K is the sectional curvature of the first 
fundamental form rfs^. Then (cf. jUYil , (2.8)]) 

J 2 4:dg-dg 
(3-1) ^^/=(r^^' 

where is the secondary Gauss map. By (2.4), (2.5) and (3.1), one can easily get the 
relation 

(3.2) ds^ ■ da) =AQ -Q. 

By (3.1), da) is the pull back of the canonical metric on the unit sphere S"^ = C U {oo} 
by the secondary Gauss map g. For each deck transformation r G 7ri(M), there exists a 
matrix p(r) = (cijfc)j,/c=i,2 in PSL{2, C) such that 

(3.3) goT =p[T)*g = ■ , 

0215' + ^22 

where the asterisk means the action of p(r) as a Mobius transformation. Then a repre- 
sentation p: 7ri(M) PSL{2, C) is induced. Let F: M ^ SL{2, C) be the lift of / with 
respect to the Weierstrass data {g,Q/dg) (cf. Definition p.2|) . Since For and Fpij) have 
the same hyperbolic Gauss map and the secondary Gauss map gor, Theorem 1.6 in [[UY4 1 
yields 

(3.4) FoT = SrFp{T) (rG7ri(M)), 
where s,- = 1 or — 1. We set 

piT) = SrPiT) (rG7ri(M)). 
Then p: ni{M) PSL{2, C) can be lifted to a representation 

p: 7Ti{M) SL(2,C). 

Since the representation p depends on the choice of the Weierstrass data, we will also use 
the notation pp as well as p when such an explicit notation is required. 

Lemma 3.1. Suppose f G S)J?(G,g). Then f G Im{G,Q) if and only if p{t) G SU{2) 
for allT G 7ri(M). 
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Proof. Since G and Q are sing le- valued on M, by Corollary 2.4 in jUYl , / e /i?(G,g) 
if and only if ds"^ i 

valued on M by (3 
p(r) G 5t/(2). □ 



if and only if ds is single-valued on M. The condition is equivalent to daj being single 



valued on M by (3.2). Thus / G I^^{G, Q) if and only if each p(r) preserves (icr?, that is, 



A CMC-c immersion / G Im{^i Q) is said to be reducible if p(ri)p(r2) = p{t2)p{ti) holds 
for all Ti, r2 G 7ri(M). In Theorem 3.3 of [[U Yl|] , the second and third authors showed that 
reducible CMC-c surfaces have a nontrivial deformation associated with the deformation 
of the Weierstrass data {Xg, (1/A)a;) (A G M \ {0}). This deformation preserves the Hopf 
differential Q = u ■ dg. Moreover, by (2.8), S{G) is also preserved. Since the Schwarzian 
derivative S{G) is invariant under the Mobius transformations of G, we can place each of 
these one-parameter family of surfaces by a suitable rigid motion in H^{—c^) so that the 
hyperbolic Gauss map is not changed. Thus we get a non-trivial deformation in I'f^iG^ Q) 
for reducible CMC-c surfaces. As a refinement of this observation, we prove the following 
theorem. 

Theorem 3.2. Assume that the subset I^j^{G,Q) ofD^^]{G,Q) is not empty. Then the 
set I^j{G,Q) is a point, a geodesic line IH} or all of = D^^]{G,Q). Moreover, each 
f G I^{G,Q) is irreducible if and only if I^{G,Q) is a point. 



Remark 3.3. In other words, r^i{G,Q) is a connected totally geodesic n-dimensional 
subset of Ti^ with n = 0, 1, or 3. In the case l'^^{G,Q) = 7i^, any null holomorphic 
immersion F: M ^ PSL{2, C) with the hyperbolic Gauss map G and the Hopf differential 
Q is single- valued on M (cf. ||U Y3| , Theorem 1.6]). 

We set r := p(7ri(M)) C SU(2). Then Theorem |3.2| is an immediate consequence of the 
lemma in the appendix. 

4. A REPRESENTATION OF THE FUNDAMENTAL GROUP 

In this section, we consider how to find a CMC-c immersion / G D^^{G, Q) for any given 
hyperbolic Gauss map G and Hopf differential 0) on a Riemann surface generated 
by reflections. As in the previous section, we fix a reference point zq & M and identify 
canonically the fundamental group 7ri(M) = 7ri{M,p{zo)) with the deck transformation 
group on M. Let^pi, . . . , jlm be reflections of M, that is, conformal orient at ion-re versirig 
involutions on M. Suppose that pi, ...,fim generate the deck transformation group on M 
and induce reflections pi, . . . , pm of M such that 

(4.1) P°Pj=Pj'=>P (j = 1, • • • ,"^), 

where p: M — > M is the covering projection. 

Take a pair [G, Q) of a meromorphic function and a holomorphic 2-differential on M 
such that dsQ = (1 + jCp)^ (Q/dG) ■ (Q/dG) is positive definite. In addition, we assume 
that 

(4.2) Q o Hj = Q and dsQ o p^ = dsQ 
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hold. By Lemma ^ the set Q) is non-empty. 



Lemma 4.1. There exist matrices crifJ^j) € SU (2) (j = 1, . . . , m) such that 



7t / \-i ^ ai;^ -t- 

'^21 ^ + (^22 



where a{fij) ^ = (4^J). 

Proo/. Consider a pseudometric dpi = 4dG ■ dG/{l + \G\'^f on M. By (4.2) and (3.2), 
dpi o /ij = dpi holds. This occurs if and only if there exists a matrix <j{pj) G SU{2) such 
that G o pj = a{pj)'^ * G, since /ij is orientation reversing. □ 

Each matrix (y{pj) (j = 1, . . . , m) is determined up to sign. From now on, we fix a sign 
of a{pj). 

Lemma 4.2. Let f e Dm (G, Q) andF: M ^ SL{2, C) be a null holomorphic immersion 
such that f = {l/c)FF*. Then there exists a unique matrix Pp{pj) G 5'L(2,C) (j = 
1, . . . , m) such that 

(4.3) = a(/i,)-iFp^(/i,) 



/ioWs for cr(pj) in Lemma WA 



Proof. Consider two CMC-1 immersions defined by 



Then by assumption (4.2), the two immersions have the same first fundamental form ds^ 
and the same second fundamental form —Q — Q + cds^. Hence these immersions are 
congruent by the fundamental theorem for surfaces, and so there is a unique isometry 
a G SL{2,C) such that fi = 0/20*. In particular, there exists b G SU{2) such that 
(cf. Remark [QP = a{F o pj)~^b, that is, F o pj = bFa. Since F o pj has the 



hyperbolic Gauss map G o pj, we have b = ea{pj) ^ [e = ±1) by Lemma ^]T| and by 



[LJY4| , Theorem 1.6]. Finally, if we set prif^j) = ^o-i we have the desired expression. The 



uniqueness of pp^Pj) follows from that of the matrix a and the sign e. □ 

Remark 4.3. For any two reflections pj, pk, the following relation holds: 

F o pjo pk = a{pk)~'^{F o pj)pp{pk) {a{pj)a{pk)) Fpp{pj)pp{pk). 



Corollary 4.4. Let f G D^.j{G,Q) and F: M SL{2,C) be a null holomorphic immer- 
sion such that f = {l/c)FF* . Then Ppail^j) = a~^pp{pj)d holds for any a G SL{2, C). 



Lemma 4.5. a{pj)a{pj) = id. 
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Proof. Since flj o fij = id, G = G o Hj o = {a{^j)a{fij)} ^ * G, and we see that 
a{fj,j)a{fj,j) = ±id. Suppose that a{fij)a{fij) = — id. Since cr(/ij) G SU{2), we have 



V 

-1 0, 



and so G o /i^ = a(/ij) ^ * G = —1/G. Let z be a fixed point of jij. Then 
holds, a contradiction. □ 



Remark 4.6. By Remark |4.3| and the previous lemma, we have pp{^j)pp{fij) = id. 

Recall that for each r G 7ri(M), there is a representation pi?: 7ri(M) 5^(2, C) such 
that F or = FpFij). (See Section |.) Each r is represented as 

(4-4) r = /ij, o /i^.^ o . . . o o pj^^ . 

Then by Remark [4.3| , we have 

(4.5) F o r = {a(/ijja(/ijj ■ ■ ■ (J^Pn^^M^Pnu)} ^ 'F ■ 

' PFipj2k-i)PFipj2k) ■ 

On the other hand, by Lemma [4.1| , 

G o r = {(T(/ijJ(T(/ijJ ■ ■ ■ (T(/ij,,_Ja(/ij,j} ^ * G 
holds. Since G is single-valued on M, we have 



(4.6) (T(/ijJa(/ijJ ■ ■ ■a(/ij2,_Ja(/ij,J = e^id 

where e,- = 1 or — 1. So we have an expression 



(4.7) Pp{t) = erpF{Ph)pF{Pi2) ■ ■■pFiPj2k-i)pFiPj2k)- 

The following criterion is useful to construct examples. 

Proposition 4.7. Let f G D^^j{G,Q) and F: M ^ SL{2,C) be a null holomorphic im- 
mersion such that f = {l/c)FF*. Suppose Pp{pj) G SU{2) (j = l,...,m) holds. Then 



the immersion f is an element of I^{G,Q). Moreover, each reflection pj extends to 
isometry of H^{—c^) preserving the image of f . 

Proof. The first assertion immediately follows from Lemma |3.1| and (4.7). Since F o pj = 
a{pj)~^Fpp{pj) and Pp{pj) G SU{2), we have f o pj = a{pj)~^ f{a{pj)~^)* . This implies 
the last assertion. □ 

The following lemma plays an important role in later sections: 

Lemma 4.8. Let F^: M ^ SL{2,C) be a family of null holomorphic immersions such 

that lim^^o^c = id and {l/c)F^F* G dS(G', Q). Let I be a loop on M and r e 7ii{M) the 
deck transformation induced from I. Then 



an 



d_ 

dc 



^J^^^>-f,[l -G 



G -G^\ Q_ 
dG 



Proof. Let Zq be a be point of / in M and Zq E M a lift of Zq. Put zi = t{zo). Then there 
exists a hft / of / joining zq and zi. We set = {dFc/dc)\^^Q. By Corollary Fc is a 
solution of the equation 



(4.8) 



dFr = caFr 



a 



1 -G dG 



Since Fq = linic^o-^c = id, we have pp^ = id, and since dF^. = aF^ + caF^, we have 
dF^ = a, where ' = d/dc\c=o- Integrating this, we have 



Hence 
(4.9) 

On the other hand, 



d_ 

dc 



F^(5i)= r« + F^(5o). 
iF,oT)izo)= <fa + F^izo). 



(4.10) 



d_ 

dc 



c=0 



c=0 

d_ 

dc 



{F,Pp(t))Czo] 



c=0 



p^^(r) +F^(zo) 



c=0 



holds. By (4.9) and (4.10), we are done. □ 



The above lemma is a generalization of [[UY2| , Lemma 3.3] in which the same statement 
for a loop / surrounding an end is shown. 

5. CMC-1 SURFACES OF FINITE TOTAL CURVATURE 



In \UY4 



the hyperbolic correspondence of the Jorge-Meeks n-oid and CMC-1 surfaces 
of genus with Platonic symmetries have been constructed. (See also Section ^.) In this 
section, we construct CMC-1 surfaces of both genus zero and positive genus in H^{—1), 
which correspond to minimal surfaces in Euclidean 3-space described in |[BR]| , |0 , [jW| . 

In fact, we show that for any complete finite-total-curvature minimal surface in M.^ 
satisfying certain conditions, there exists a one-parameter family of corresponding CMC-1 
surfaces in H^{—1). The conditions are quite general in the sense that they are satisfied 
by almost all known examples of complete finite-total-curvature minimal surfaces. 

Osserman |D| showed that any complete finite-total-curvature minimal surface in can 
be represented conformal immersion /: M ^ where M is a compact Riemannian 
manifold with a finite number of points removed, i.e. M = M \ {ci, e^}. Let S = {x E 
M \ 3y X, f{y) = f{x)} be the intersection set of /. The following definition describes 
minimal surfaces that are embedded everywhere except in neighborhoods of the ends. 

Definition 5.1. If there exist r disjoint open disks Uj C M {j = l,...,r) such that 
Cj G Uj and S C U^j^iUj, then the immersion / is almost embedded. 

Next we define what we mean by a symmetric minimal immersion. 

Definition 5.2. A minimal immersion / is symmetric if there is a subregion D C f{M) 
that is a disk bounded by non-straight planar geodesies, and does not contain any non- 
straight planar geodesies in its interior. 
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If / is symmetric with subdisk D, then D generates the entire surface by reflections 
across planes containing boundary planar geodesies. (Since each curve in the boundary 
of D is a planar geodesic, the surface can be smoothly extended across these boundary 
curves, by the Schwartz reflection principle.) Note that since / has finite total curvature, 
/ is not periodic. Therefore, if any two boundary curves of D lie in parallel planes, they 
must actually lie in the same plane. 

Lemma 5.3. // / is almost embedded, and if f is symmetric with subdisk D, then there 
are at most three planes that contain all of the boundary planar geodesies of D. These {at 
most three) planes lie in general position, and meet pairwise at angles of the form njm, 
where m>2 is an integer. 

Proof. Let Pi, . . . ,Pn be the smallest set of distinct planes that contain dD, and let fij 
(j = 1, . . . ,n) be the reflection with respect to the plane Pj. Since / is of finite total 
curvature, the group F generated by the symmetries /xi, . . . is finite. It is well-known 
that r has a fixed point and the number of planes of the fundamental chamber is at most 
three (see ||Bou| , Chapters 4-6]). □ 



Let us name these distinct planes Pi,...,Ps, where s (= 2 or 3) is the number of 
the planes. Let the boundary planar geodesies of D contained in Pj be called Sj^i, Sj^2, 
. . . , Sj^dj (j = 1, . . . , s). We now define what we mean by a non-degenerate set of period 
problems. Let d equal the number of smooth boundary planar geodesies minus the number 
of planes. Thus d = di + d2 + d^ — 3 if s = 3, and d = di + d2 — 2 if s = 2. 

Definition 5.4. Let /: M — M'^ be an almost embedded minimal immersion that is 
symmetric with subdisk D. Then the set of period problems for / is non- degenerate if 
there exists a continuous d-parameter family of disks D\, (A = (Ai, A^), |A| < e) such 
that 

(1) ^(o,o,...,o) = D. 

(2) dDx = U^=^(U;i.^S'j_fe(A)) such that each Sj^kW is a planar geodesic lying in a plane 
Pj,kW parallel to Pj. 

(3) Letting Perj^fc(A) {j = 1, . . . , s, k = 2, . . . ,dj) be the oriented distance between the 
plane -Pj,fc(A) and Pj,i(A), the map A: A = (Ai,...,Ad) i-^ (Perj^fc(A)) G M*^ is an 
open map onto a neighborhood of 0. 

We reflect Dx infinitely often to get a simply connected complete surface Mx.^et M 
be the initial minimal surface. Then the universal cover M of M coincides with Mq. The 
initial fundamental disk Dx is contained in Mx. Also we have associated reflections fix.j,k 
on Mx with respect to Dx, and we have the properties 

(5.1) fl\,j,k o fi'\,j,k = id , (/iAj.fc o fi'\,j',k')"'''''''''''' = id , 

whenever the planes containing Sj^k and Sj/^k' meet at an angle of n/mj^kj^k'- Let r(A) be 
the group generated by these reflections, with the above properties (5.1). Since mj^k,j',k' 
does not depend on A, r(A) is isomorphic to r(0), so let l: r(A) r(0) be the canonical 
isomorphism. Let F be the deck transformation of the universal cover M of the initial 
minimal surface M. F is considered as a subgroup of r(0). Let F;^ = l~^(T), and let 
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Mx — Mx/Tx- Then Mx is diffeomorphic to the initial minimal surface M — Mq/T. On 
the initial minimal surface, each reflection /toj,fe on M induces the reflection jij^^ '■ M — > M. 
Thus for any r e F, there exists a r' G F such that /ioj,fc or — t' o flo,j,k- By the definition 
of Fx, any r G F^ has also an element r' G F;^, such that jlx,j,k°^ — 't' ° fi'Xjjk- This implies 
that flxj^k also induces a reflection Hx,j,k- Mx Mx- 

Since Dx is a minimal disk bounded by planar geodesies, the Gauss map Gx and the 
Hopf differential Qx are well-defined on Dx- Thus Gx and Qx can be extended on Mx, 
so that they satisfy the properties Gx o jlj^k — (^(/^j.fc)"^ * Gx and Qx o jij^k — Qx- Here, 
(^{l^\,j,k) e SU{2) is exphcitly given by 

(5.2) ^K,,.)-' = 

where z/ = (z^i, z>'2, t's) is the unit normal vector perpendicular to the plane Pj ^. (Since 
Pj^k is parallel to Pj^i, the unit vector u does not depend on the choice of A;.) One can 
easily check the above formula as follows: Since the left hand matrix is in SU{2), the 
transformation 

T: C U {00} 3 . ^ i^^±^^^ll^^ G C U {00} 

preserves the metric da^ = Adzdz/ (1 + 1^;^)^. Moreover, the inverse matrix is the conjugate 
matrix. Thus T is an isometric involution. Let T: 5*^(1) S'^{1) be the induced isometric 
involution. By straightforward calculation, T corresponds to a reflection with respect to 
the plane passing through the origin perpendicular to u- 

Lemma 5.5. Gx and Qx are single-valued on Mx for any A. 

Proof- It suffices to show that Gx o t = Gx arid Q\ o t = Qx for each r G F^. Since r is 
an orientation preserving diffeomorphism on Mx, it can be written as r = fi\,ji,ki o ■ ■ ■ o 
iJ'X,j2nMn- Since Qx o p>x,j,k — Qx, obviously Q or — Q holds. On the other hand, we have 

G0T= {a(^A,ii,fci)0-(/iAj2,fc2) ■ ■ ■C^(/^A,i2„_i,fc2n-l)c^(/^A,i2„,fc2„)} * G- 

Note that G o t = G holds for A = 0, because G coincides with the Gauss map of the 
initial minimal surface when A = 0. This implies that 



0'(^A,jl,fci)0-(/iA,j2,fc2) ■ ■ ■C^(/^A,j2„-l,fc2n-l)0'(/^Aj2n,fc2„) " ± id 

when A = 0. Thus it holds for any A because (7(/^j,fe) does not depend on A, by (5.2). □ 

Thus we have an abstract Riemann surface Mx- Moreover, the induced conformal metric 
of Mx defined by ds\ := (1 + \Gx\'^)'^Qx/dGx ■ (Qx/dGx) is single-valued on Mx- Since 
Mx is complete and Mx consists of a finite number of congruent copies of the finite-total- 
curvature disk Dx, Mx is complete and has finite total curvature. Hence Mx can be written 
as 

Mx^Mx\{ei,---,er} , 

where Mx is a compact Riemann surface, and points corresponding to the 

ends of Mx- Let fx'- Mx be the immersion of the (periodic) minimal surface con- 

taining Dx- Then Gx and lox — Qx/dGx are the Weierstrass data of fx- Since Dx is 
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continuous in A, we see that Gx, and Qx are also continuous in A. For the sake of simplic- 
ity, we express each reflection by fij^k instead of pxj.k- We can place Dx in so that the 
boundary curves Si^k he in the plane {x2 = 0}, the boundary curves lie in a vertical 
plane containing the xs-axis, and the boundary curves S^^k he in a nonvertical plane. Since 
the angle between Pi and P2 is of the form vr/m (see Lemma |5.3| ), we have 

(5.3) = id, a{p2,j.) = ("'^q" J./^^ , ^(/is,.) = |°) , 

where m is an integer, |poP + lo'oP = 1, and go 7^ 0, Re(go) = 0. 

Proposition 5.6. Suppose m > 2. Then, for a sufficiently small e > 0, there exists a 
{d + 1) -parameter family {-Fc,A}|c|<e,Ae-Be{o)j (-Se(O) C M^) of null holomorphic immersions 
of Mx into SL{2,C) with the following properties. 

(1) /e,A = (1/c)F,,a^c:a e ^itiGx, Qx) for each (c. A) (c ^ 0). 

(2) Fc,A ^5 smooth in c and continuous in A. 

(3) limc^o-P'c.A = id. 

(4) limc^o pp^ ^{flj^k) = cr{fJ'j,k), where PF^^{P'j,k) is the matrix given in Lemma |4^. 

(5) = id- 

(6) There exists a smooth function ^ = C,{c, A) such that \^\ = 1 and 



(7) Whens = 3, 



P^^>'''^=[^(3 p^^ 



where p-^ i = P3,i(c, A) is a complex-valued function and P = /5(c, A) is a real-valued 
function. 

(8) For each j = 1, . . . , s, and each k >2, 

where pj^k = Pj,k{c, A) is a complex-valued function, and -yij^k = 1i,j,k{c, A) (/ = 1, 2) 
are real-valued functions. 

The following lemma is easily proved in view of the fact that aa = id implies a = a~^. 

Lemma 5.7. Let a be a matrix in SL{2, C). Then aa = id holds if and only if a is of the 
form 

a=(.P 'lA. 
V^72 P J 

Proof of Proposition |^^ . We prove the proposition in the case of s = 3. When s = 2, the 
assertions are proved if we simply ignore the discussions after (5.7) in Step III. 
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Step I. Let zo^x be a fixed point in the curve S'l^i, which depends continuously on A. 
Consider the initial value problem according to Corollary I 



(5.4) dFc^xF^x = cax, ^c,a(2o,a) = id, where ax = ^-^^ . 

Gx is real on the curve Si^i, since Si^i is a planar geodesic in a plane perpendicular to the 
X2-axis. Q is real on the curve S'l^i, since Qx o = Qx- Thus, the solutions Fc,\ are also 



real on 5*1,1. For the solutions Fc^x of (5.4), /c,a = i^/c)F^ x^c x satisfies [[T 



For c = 0, (5.4) reduces to (iFo,A = 0. So Fq^x satisfies Moreover, since the Fc^x are 
real on 5*1,1, -^c,a o /^i,i = -^c,a on 5i,i, where 5i,i is the lift of 5i,i that contains the point 
zq. So by the holomorphicity of Fc,x, 



Fc,x o /ii,i = Fc,A on Mx . 
This shows that p^(/ii,i) is the identity and |[5]] is proved. By (5.4), we have Fq^x = id. 



This proves [(3]| . By Ga o /i^ = a{^j^k) ^ * Gx, we have 



-^0,A o /ij- fc = Cr(/^i,fc) ^FQ^xPp{Pj,k), 

where cr{fij^k) is the matrix given by (5.2). Since Fq x = id, we have limc^oP^ (Pj.fc) 



a{fij^k)- This proves [(T) 



Step II. By ( [4.5|) , we have 



(5-5) PF,,fe)PF .fe) = 



By Lemma 5.7, we have the following expression: 



Since we suppose that m > 2 and limc^op(c. A) = e'^*/™, there exists a sufficiently small 
neighborhood U G M.^ and a positive e > such that the imaginary part Im(p(c, A)) > 
and |Re(p)| < 1 for any |c| < e and \ G U. In such a small neighborhood, Pf^x{P2,i) 
has two distinct eigenvalues ^(c. A) and l/^(c. A). Since | Re(]9)| < 1, ^(c. A) is not a real 
number, and thus |^(c, A)| = 1 by straightforward calculation. Moreover ^ = ^(c. A) is a 
smooth function. Now we define a real matrix m(c. A) G 5*1/(2, M) by 



m(c. A) = < 1 + 



-1 

7i72 [ / 1 -ilil{p-l? 

l-n2/(p-0 1 



(lm(p) + ^1 - Re(p) 



Since lm(j9(c. A)) > 0, we can easily see that p — ^ is a non- vanishing imaginary number for 
any X E U and |c| < £. Thus u = u{c, A) is defined as a smooth 5L(2, M)-valued function. 
By straightforward calculation, we have 

(5.6) hJM = u{c,X)(^^';^^^ jj^^]u{c,Xr\ 



e(c,A).^ 
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We set Fe,A = F,^xu{c, A) and /e,A = {1/ c)F^^yFl^. Since 



and m(c, A) G SL{2, R), we have by Corollary ^ 

Pp (Pj,k) = u{c, X)~^ pp,^ ^{fXj^k)u{c, X) (j = l,...,s, k = l,...,dj). 



By (5.6), we have [6]] for /c,a- Since u{0, A) = id, /c,a satisfies the same properties p^]1-[(5^ 
as fc,x. 



Step III. By (5.5) and Lemma p?7| , the matrices (/^3,i) and p^^ {pj,k) {j > 2) are 
written in the form 

(5.7) Pf^,(/^3,i) 



Pj,k nl,j,k 
il2,j,k Pj^k J 



where /32, 7i,j,fc and 72,7,fc are real-valued functions of c and A. Since limc^o (p3,i) = 
(t(p3,i), we have 

(5.8) p3,i(0. A) = po, /?i(0. A) = /?2(0, A) = -iq^ ^ . 

By (5.8), there exists a positive number e such that P1/P2 > holds for |c| < e. For c in 
such a range, we set fc,x = {l/c)F^^F*^, where 







t: 



t. 



c,A 



Since to,A = 1 and t = t^^x is a real-valued function, Fc^x and /c,a satisfy |(TjH(6)|. By 
Corollary |!4|, 

'1 



't 



e,A ^ 
tc,A. 



Pf ,(P3,i) 



^c,A 







^c^l 



P3,l 



where /3 = y/PiP2- Thus /c,a satisfies fJJ . By (5.7), we have 



PpiPj, 



. Ux 



t-cA 



t 



c,X, 



,Kxl2,j,k 



Pj,k 



Replacing 71^-^ and 72j,a: by tc,A7i,j,fc and ti^xl-2,j,k, we get [[Sj. □ 

Remark 5.8. In the Poincare model of radius 1/c, the immersion /c,a converges to the 
initial minimal immersion fx- Indeed, by (5.4) we have dFc^xF"^ = dFc,xF~x = coa- By 
the same argument as in Lemma ^78| , we have dFQ ^^ = ax, where Fq ^^ = {dFc/dc) |c=o- 
In the complexified Poincare plane of radius 1/c, F^^x converges to Fqx by Lemma 2.1 
of ||UY2|| . On the other hand, the initial minimal immersion fx can be expressed as 
fx = Fqx + Fq ^, where we identify a point (xi, X2, x^) in with the matrix 

/ X3 Xi+ iX2\ 

yxi - ix2 -X3 j 

in the Lie algebra of SL{2, C). Thus by Corollary 2.2 of ||U Y2|| , we can conclude fc,x fx- 
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It should be remarked that P^;.^ ;^(p2,i), Pr^^iP'SA) ^ SU{2). Moreover, 

Pf^ ),iP'j,k) ^ SU{2) if and only if 7ij,fc = 72,j,A;- By Proposition ^?7| , the period prob- 
lem in the hyperbolic case reduces to showing that 7ij,a; = 72,j,fc- To show that this can be 
done, we have the following lemma. Recall that o(c) denotes any function of c that tends 
to zero faster than c itself as c — > 0. 



Lemma 5.9. Let Fc^x be as in Proposition f).6\ . Then 

{li,j,k - 72,i,fc)(c, A) = 2c ■ Perj,fe(A) + o(c) (j = 1, . . . , s , k = 2, . . . ,dj). 
Proof. Let Ij^l be a curve in Dx starting from a point on Sj^i and ending at a point on 

(2) 

Sj^k, and let l^J. be its reflected curve across the plane containing Sj^i. Then the curve Ij^k 

obtained as the composite of the reversed oriented curve -l^^l with ll'^l can be considered as 
a closed loop in Mx. Let Tj^k be the corresponding element of 7ri(MA). It can be identified 
with an element of the deck transformations of Mx, if we choose the base point in Mx as 
the initial point of Ij^k- Then we have Tj^k = fi'j,k ° Pj,i- We have from Remark ^]3| and 
(4.6) that 

Fc,X O Tj^k = Fc,x O Pj,k O Pi,! = Fc,xpF,^Sf^j,k)pF,,SPj,l)- 

By the Weierstrass representation formula for the initial minimal surface with the Weier- 
strass data {Gx,ujx), (where ux = Qx/dGx), we have 

(5.9) Re / (l - Gl til + Gl), 2Gx) ujx = 2- Per,- ^(A) ■ (u,, u^, u,) , 

•'ij.k 

where (z^i, z>'2, 1^3) is a unit vector perpendicular to the planes containing Sj^i and Sj^k- If 
we set 

Im / (1 - Gl z(l + Gl), 2Gx) cux = (vi, V2, V3) , 



then we have from Lemma |0 



G\ —G 



PF^,S^3,k) = [^{^ uJx = Per,-fc(A)A + iB, 

where A and B are the matrices given by 



(5.11) A= ^^+'^A, B= ^^ + ^^^ 



Since Pp^^i'^) = PF^x^f^h^^PFcx^i^i^)^ by [lU of Proposition |5.6|, we have 



PF,,;,(^3,fc)' = (Pfe)'cT + ct(pi)', 

where we simplify the notation as p^ = PF^x^Pj,k), o" = <^{pj,i) = ^{.P3,k) and the prime 
denotes differentiation with respect to c evaluated at c = 0. Since p,p~ = id, we have 

{Pj)'a + a{pj)' = 0. Thus by (5.10) we have p_p^ ^(t3,a;)' = {(p^)' — (Pi)'}'^- By Lemma ^l5|, 
a = a^^ holds. Thus we have 

(Pfc)'-(Pi)' = Per,-,,(A)Aa + z5a. 
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For a matrix a = (ajj)ij=i,2, we define a function A[a] by A[a] = 012 — 021. Since A[p-^] = 0, 
we liave A[(p;^)'] = 0. Hence 



^{(71,,,.)' - (72,.,.)'} = A[(p,)'] = A[ipJ] - A[{p,y] = Per,,,(A)A[Aa] + ^A[Ba]. 



By (5.2) and (5.11), we can directly compute tliat A[Acr] = 2i and A[i?(T] G iM.. Since 
(7ij,fc)' - (72j,fc)' e M, we liave 



By (5.12) and (5.13), we liave the conclusion. □ 

Thus we have equated the period problems for the minimal surface in with the period 
problems for the CMC-c surface in H^{~c^). If the period problem on the minimal surface 
is non-degenerate, the period map A 1— > Perj_j(A) is an open map onto a neighborhood of 
the origin. Since F is smooth in c and continuous in A, for any sufficiently small c there 
exists a Ac such that 72j,fc(c, Ac) = 7ij,fc(c, Ac) for all k and j. For such a pair (c, Ac), 
we see that /c,Ac satisfies Proposition Thus the CMC-c surface /c,Ac is an element 

of Im {Gk-iQk)- By Lemma p^ , the surface has a complete induced metric, whenever 
the Hopf differential Q has a pole of order at most 2. Moreover, in this case the surface 
has finite total curvature, because its secondary Gauss map has at most a pole at each 
end. Multiplying the Poincare model by c, H^{—c^) becomes H^{—1) and /c,Ac becomes 
a CMC-1 surface. As we can do this for any c sufficiently close to 0, we have found a 
one-parameter family of CMC-1 surfaces in H^{—1). Thus we get the following: 

Theorem 5.10. Let /q he a complete almost- embedded minimal surface in with finite 
total curvature and non- degenerate period problem, and suppose that /o is symmetric with 
respect to a suhdisk D. Then there exists a one-parameter family 0/ CMC-1 surfaces fc 
in H^{—1) with the same reflectional symmetry properties. Moreover it has the following 
properties: 

(1) // the Hopf differential Q of the initial minimal surface has poles of order at most 
2, then the surfaces also have complete induced metrics with finite total curvature. 

(2) The CMC-1 surfaces are irreducible if s = 3, where s is the number of planes 
containing the boundary of the minimal suhdisk D. 

The final statement follows as follows: Suppose that one of the CMC-1 surfaces are 
reducible. Then by definition, PF^xiP''^^) PFca(/^3,i) must be commutative, a contra- 
diction to the fact that PFca(/^3,i) is not diagonal. 

Now we apply this theorem to construct several examples. 



(5.12) 



(7i,,>)'-(72,j,fc)' = 2-Per,-fc(A). 



On the other hand, by of Proposition it holds that 



(5.13) 



l™(7ij,fc - 72,j,fc) = lim A(p .) = A((t) = 0. 
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Figure 1. The fundamental piece Da- 



Figure 2. A genus- 1 CMC-1 trinoid in H^{-1). 
(This picture is due to made by Katsunori Sato of Tokyo Institute of Technology.) 

5.1. Jorge-Meeks n-oid with one handle. Let n > 3 be an integer. Then there exist 
complete minimal surfaces of genus one with n catenoid ends in (cf. ||BR|| ). These 
surfaces look like Jorge-Meeks surface ||JM|| with one attached handle, and so they admit 
Dn X Z2 symmetry, where is the dihedral group of order n. The fundamental piece of 
the surface is given in Figure |I[ As shown in Berglund-Rossman IBH], the period problem 
of this example is non-degenerate. (Here s = 3, d = 1 and so the period problem is one- 
dimensional.) Thus, by Theorem |5.1CI| , we have the existence of a one-parameter family 
of CMC-1 irreducible n-oid cousins in H^[—l) with finite total curvature and symmetry 
D„ X Zo. 



5.2. Genus-0 Jorge-Meeks ?7,-oid. The genus zero version of the previous example can 
be shown to exist as a CMC-1 surface in iJ^(— 1) by the same method. It has been 
constructed in ||UY4|| . (There is no period problem (s = 3, c? = 0), so the non-degenerate 
condition is trivially satisfied.) We examine this example in more detail in the next section. 



5.3. Genus-0 and higher genus Platonoids. With only slight modifications of the two 
previous examples, we have CMC-c surfaces with Platonic symmetries, which correspond 
to the minimal surfaces in Section 4 of PR|| . Higher genus Platonoids were also constructed 
by Berglund-Rossman ||BR|| . Since they have non-degenerate period problem, we get the 



following irreducible examples by Theorem |5.1CI| : 

• a CMC-c surface of genus 3 with 4-ends and tetrahedral symmetry, 

• a CMC-c surface of genus 5 with 8-ends and octahedral symmetry, 

• a CMC-c surface of genus 7 with 6-ends and octahedral symmetry, 

• a CMC-c surface of genus 11 with 20-ends and icosahedral symmetry, and 
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Figure 3. Half of the dual of Enneper's cousin 



Figure 4. A 6-ended genus-2 prismoid in Euclidean space 
• a CMC-c surface of genus 19 with 20-ends and icosahedral symmetry. 
5.4. Enneper's surface. Enneper's cousin / was found in ||Bry|| , which is a complete 



simply connected CMC-1 immersion on C with the same Weierstrass data {z, dz) as the 
original Enneper surface. Since it has no period problem, we can trivially apply Theo- 
rem |5.10| and get the dual /* of Enneper's cousin. Since the hyperbolic Gauss map of / is 
given by G = tanh^; (see [[Bry|| ) , the dual surface /* is complete. (Since G has an essen- 
tial singularity at infinity, the total curvature of /* is infinite.) Compared to Enneper's 
cousin, its dual surface /* is aesthetically more appeahng (see Figure |^). Note that for 
every planar geodesic on the minimal Enneper's surface, there is a corresponding planar 
geodesic on Enneper's cousin. However, for the straight lines in the minimal Enneper's 
surface, there are not corresponding geodesic lines in Enneper's cousin. This is because 
our construction utilizes the planar geodesies of the minimal surface, but does not concern 
itself with straight lines in the minimal surface. The result is that the symmetry group of 
the dual of Enneper's cousin is a subgroup of that of minimal Enneper's surface. 



Recently, Sato ||Sa|| has shown the existence of higher genus Enneper-type minimal sur- 



faces for any positive genus, where he showed a certain non-degeneracy of the period 
problems. However, his work does not imply that the period problems are non-degenerate 
in our sense, since his fundamental domain is smaller than ours. 
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Figure 5. The contour C'ai,A2 and the fundamental piece -Dai,A2 for the prismoids 

5.5. Higher genus prismoid. Let n > 3 be an integer. There are so called "higher genus 
prismoid" minimal surfaces as shown in Figure § (cf. 0). These surfaces have Dn x Z2 
symmetry. In these examples, we have two period-killing problems (s = 3, (i = 2), which 
correspond to the two parameters Ai and A2 in Figure ^ The fundamental domain -Dai,A2 
as in Figure |^ is a minimal surface in which is obtained as the conjugate surface of 
the minimal disk bounded by C'ai,A2 iii Figure |^. Each segment of the boundary D\^ \^ 
is a planar geodesic contained in the plane Pj^k-, where Pa^i, P3^2 and Ps^a are parallel to 
the xiXa-plane, P2,i is perpendicular to (sin(7r/n), cos(7r/n), 0), and Pi,i is parallel to the 
XiX2-plane. We define {k = 1,2,3) by P^^k = {^2 = c^}. Then the c^'s are continuous 
functions in Ai and A2. Consider two functions fi = Ci — C3 and /2 = C2 — C3. The following 
statement implies that the period problem is non-degenerate: There exists an open disk 
in the {Xi, X2)-plane such that its image under the map (Ai,A2) ^— > (/i(Ai, A2), /2(Ai, A2)) 
contains the origin in the {fi, f2)-plane as an interior point. This can be proved by 
arguments found in |[BR]| . By Theorem |5.10| , there exist CMC-1 higher genus prismoid 



cousms. 



5.6. Genus-0 prismoids. This case is a simpler version of the above example. In this 
case, there is still a period problem, but now it is only one-dimensional {s = 3, d = 1), 
and it is known to be non-degenerate (cf. 0). 

5.7. 4-ended Costa surfaces. We refer to a complete minimal surface of finite total 



curvature with four parallel ends as a "4-ended Costa surface". Wohlgemuth has 
constructed several types of 4-ended Costa surfaces, which can have arbitrarily high genus. 
He has shown that the period problems are non-degenerate for all of his examples. Thus 
our method applies to all of these examples of Wohlgemuth, producing corresponding 
CMC-1 surfaces in H^{-1). 

We describe one of the types here (named CSSCFF and CSSCCC by Wohlgemuth). It 
is a one-parameter family of embedded minimal surfaces of genus 2k — 2 (for any k > 2), 
and with four parallel ends. The two outermost ends are always catenoid ends, and the 
two innermost ends are either catenoid ends (CSSCCC) or planar ends (CSSCFF). 
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Figure 6. The disks for the 3-ended and 4-ended Costa surfaces 



The fundamental piece -Dai,A2 of this 4-ended Costa example is shown in Figure The 
boundary curves 5*1,1, 5*2,1, 5*2,2, •S's,!, 5*3,2 are planar geodesies. The planes P2,i and P2,2 
are parallel to the Xi^s-plane, and P^^i and P3 2 are parallel to the X2a;3-plane. We set 
^2,1 = {x2 = ci}, P2,2 = {x2 = C2}, Ps,! = {xi = C3}, and P3,2 = {xi = C4}. Then the 
functions Ci, C2, C3, and C4 are continuous in Ai and A2, and /i = C2 — Ci and /2 = C4 — C3 are 
non-degenerate |W[] . Thus the period problems are non-degenerate and by Theorem |5.10| , 
we get the 4-ended Costa cousin. 

It seems to be an interesting problem to construct 3-ended Costa surfaces. Unlike the 4- 
ended Costa cousin, the fundamental piece of the 3-ended Costa cousin contains a straight 
line in its boundary. Thus, like the case of Enneper's surface, we must use the union of two 
fundamental disks in our construction. Even though the period problem is nondegenerate 
on the fundamental disk of a minimal 3-ended Costa surface, this does not imply the period 
problem is nondegenerate on the union of two fundamental disks. However, existence of 
a 3-ended Costa surface has been verified numerically. (Clearly, this CMC-1 surface has 
less symmetries than the minimal 3-ended Costa surface.) 



6. Long time deformations of genus-0 CMC-c surfaces 

The examples in the previous section and in Section ^ are obtained through a small 
perturbation of c, and in general we cannot explicitly determine the range of c such that 
the corresponding CMC-c surfaces exist. In this section, we find that we can determine 
the range under a certain situation less general than before. We now assume that we have 
at most three smooth planar geodesies in the boundaries of the fundamental pieces. So 
we will use the simpler notation fij instead of the notation 

6.1. Restricted situation. Consider a complete minimal immersion /q: M M'^ of 
a Riemann surface M. Throughout this section, we assume that /o is symmetric with 
respect to a disk D C f{M) in the sense of Definition |5.2| and almost embedded in the 
sense of Definition |5.1| . Moreover, we assume the following (cf. Figure |^) 
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Figure 7. Assumption |]T] (m = 2, n = 3) 

Assumption 6.1. The boundary dD consists of three non-straight planar geodesies 5*1, 
5*2 and contained in the planes Pi, P2 and P3, respectively, and 

• 5*1 and S'3 are infinite rays, and S2 is a curve of finite length; 

• 5*1 and S2 meet at pi with angle vr/n, where > 3 is an integer; 

• 5*2 and S'3 meet at p2 with angle 7r/2; 

• 5*1 and 5*2 bound a l/(2m)-piece of a catenoid end which is asymptotic to the 
standard catenoid, where m > 2 is an integer; 

• 1/2 < l/m + 1/n. 

Here, the standard catenoid is the catenoid in M'^ obtained from the Gauss map Gstd — z 
and the Hopf differential Q^td = z~'^{dz)'^. 

Remark 6.2. Since /o is almost embedded, the planes Pi, P2 and P3 are in general 
position (cf. Lemma |57^) . Hence we have: 

• Each pair of planes among Pi, P2 and P3 are not parallel. 

• Each pair of lines among Pi fl P2, P2 fl P3 and P3 fl Pi are not parallel. 

We have the following theorem. 

Theorem 6.3. Let /q: M ^ R"' he a conformal minimal immersion satisfying Assump- 
tion^^, which is almost embedded, and has Gauss map G and Hopf differential Q. 
Then for each c 7^ satisfying 




(6.1) -7 2- — + — -l <c<0 or 




m 
2" 




there exists an irreducible complete conformal CMC -c immersion fc'- M — * H^{—c^) whose 
hyperbolic Gauss map and Hopf differential are G and Q, respectively. 



We give a proof in Section |6.3| . (About the interval (6.1), see Remark |6.11 



Remark 6.4. Let TA denote the total absolute curvature ff^.j{—K)dA, where dA is the 
area element with respect to the induced metric ds^. When c varies over the range (6.1), 
TA is given by 

TA = 27r \N{y/l - 4c - 1) + 2A^ - 2 
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Figure 8. Profile curves for tlie genus-0 Jorge-Meeks cousin (c < on tlie 
left, c > on tlie right). 

where N denotes the number of the ends. This is verified as follows: The total absolute 
curvature is the area with respect to the pseudo- metric daj in (3.1). Thus, by Gauss- 
Bonnet formula, we have TA/27T = x{M) + J2p^jjOTdpda'j. Moreover, by (3.2), oidpdaj = 
ordp Q on M because ds"^ is non-degenerate. Thus, 

— = x(M) + ordp da} + ordp Q. 

p£M\M peM 

Since M is of genus and Q has poles of order 2 at the ends, the sum of ordp Q over 
p G M is 2N — 4. On the other hand, by the upcoming equation (6.14), ordp (io"| is A — 1, 

where A = \/l — 4c. Hence, we have the formula. We remark that the total absolute 
curvature of the corresponding minimal surface in is 4:Tt{N — 1). Thus TA > 4:Tt{N — 1) 
(resp. TA < 4:7i{N - 1)) if c < (resp. c > 0). 



6.2. Examples. The following two examples have already been constructed in ||UY4 
However the method in this section is more explicit and suggests an algorithm to draw 
the surfaces by numerical calculations. 

Example 6.5 (Genus-0 Jorge-Meeks surface). Let /q: M — be the Jorge-Meeks 
n-oid, with each end asymptotic to a standard catenoid. Then the fundamental region 
D of /o satisfies Assumption |6.1| , where m = 2 and n is the number of ends. Then by 
Theorem O, for each c satisfying —{n+ l)/n'^ < c < or < c < {n — l)/n'^, there exists 



a conformal CMC-c immersion fc'. M H^{—c^) whose hyperbolic Gauss map and Hopf 
differential coincide with those of /q. The total absolute curvature TA of fc varies over 
the range (47r(r2 - 2), AiT{n - 1)) U (47r(n - 1), 47m)) (cf. Remark O). 



Example 6.6 (Genus-0 surfaces with Platonic symmetry). There are minimal sur- 
faces with symmetries of the other Platonoids. For such minimal surfaces, we can apply 
Theorem |6.3| . In these cases, n is the number of edges of the Platonic solid bounding each 
face, and m is the number of edges with a common vertex. Table |1] shows the range of c 
for which we know the minimal surfaces can be deformed to CMC-c surfaces. 
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Symmetry 


Number 
of ends 


m 


n 


Range of c 


Range of TA 


Tetraliedra 


A 


o 
o 


o 
o 










\olT , iZTTJ U (^iZTT, iOTTJ 


Hexahedra 


8 


3 


4 










(247r,287r) U (287r, 327r) 


Octahedra 


6 


4 


3 




(-i.o)u 






(167r,207r) U (207r, 247r) 


Dodecahedra 


20 


3 


5 


( 




i,^' 400 


) 


(727r, 767r) U (767r, 807r) 


Icosahedra 


12 


5 


3 


( 


Table 1 


(0.1^ 


) 


(407r,447r) U (447r, 487r) 



Remark 6.7. The corresponding minimal surfaces of CMC-c surfaces in Example |6.5| 
and |6.6| are non-embedded. Although fc has self- intersections for c < 0, it seems to 
be embedded for some positive c (the total absolute curvature is less than that of the 
corresponding minimal surface), by our numerical calculations (see Figure H). 

6.3. Proof of Theorem |6.3| . Let fij be the reflection across the plane Pj containing the 
geodesic Sj. In the same way as in the previous section, we can induce the reflections flj 
on the universal cover M. Let / be a loop on M surrounding the end that intersects with 
D, and let r G vri(M) be the deck transformation on M induced by /. Then the reflections 
satisfy the following relations: 

(6.2) flj o flj = id {j = 1,2,3), (/ti o /is)" = id, (/ia o /ig)^ = id, (fl^ o fl^)"" = t. 

The Gauss map G and the Hopf differential Q of f can be lifted to M, where we will 
continue to denote them by G and Q, respectively. Then, by symmetry, there exist matrices 
a{fXj) e SU{2) {j = 1,2,3) such that 

(6.3) 'G^j = a{fij)-UG, Q^j=Q (j = 1,2,3). 



Lemma 6.8. By a suitable choice of the coordinate system ofM.^, we can choose 

(6.4) (T(/ii)=id, a{fi2)=\ Q g-Wn ) ' ^(/^3) = M _ctoe-^'>J' 
where ao = cos(7r/m)/ sin(7r/'n,) G M and + (3^ = 1, Pq G M. 

Proof. Take a coordinate system of M.^ such that the plane Pi is the XiXs-plane and Pi flPa 
is the xs-axis. Since Pi and P2 form an angle n/n, o"(/xi) and cr(/i2) satisfies (6.4). By 
° = id and Lemma we have (T(/i3)cr(/i3) = id. This shows that 

(6.5) a{f,,)=h^^ '^A (aa + /5o^ = l,/3oGM). 



By the relation (yU2 ° ^^3)^ = id, we have {a {^2)0' (1x3))^ = ±id. If (cr(/i2)o"(yU3))^ = id, 
by (6.5) and the form of cr(/i2), we have a = ±e~'^*/"' and Pq = 0. This shows that 
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cr(/i3) = cr{fj,2), and that P2 and P3 are parallel. This is impossible by Remark |6^ . Hence 



2 



(6.6) (a(/i2)a(/i3)j =-id 

and then 



(6.7) a(^3) = z p^]^^'" -aoe--/") ("0 + /^o^ = 1) 



where ao and (3q are real numbers. Since the rays Si and 5*3 span a l/(2m)-piece of a 
catenoid end, the angle between the planes Pi and P3 is vr/m. Hence the eigenvalues of 
0"(/i3) are e^'^*/™. Thus, we have traceo"(/i3) = 2cos(7r/m) = 2ao sin(7r/'n,). □ 

The metric dsQ defined in Lemma ^]3| is positive definite on M. Hence the set D^^{G, Q) 
is not empty. 

Proposition 6.9. For each c satisfying (6.1), there exists a one-parameter family of null 
holomorphic immersion of M into SL{2,C) with the following properties. 

(1) /, = (l/c)PeP; e Di?(G,Q) for each c. 

(2) Fc is smooth in c. 

(3) limc^o -^c = id. 

(4) limc_>oPF,(/ij) = a(pj) (j = 1,2,3). 

(5) PfSi^i) = id- 

(6) There exists real-valued continuous functions a and {3 in c such that 

PfM = I Q g-W" ) ' P^cl/^s) = M ^ _c^e— i/n ) ^ •5f^(2), 
+ = 1, and limc^o ct(c) = ao- 

Once the above proposition is proven, fc G l'f^{G,Q) by Proposition ^77[ Thus /c is 
(after an appropriate 'dilation') the desired CMC-1 immersion as in Theorem |6.3|. 



Proof of Proposition In the same way as in Step I of the proof of Proposition ^]6 
can choose {Fc} which satisfies [3]] and (5) 



we 



The eigenvalues of Pp^{ii.2) are {e'"*/"', e"'^*/"'}. Indeed, since {a {^i) a {1x2))^ = — id 
and Pf^{pi) = id, we have Pf^{.P2Y = —id. Then the eigenvalues of Pp^{p2) are ra- 
th roots of —1. Then, by the continuity of Pf^{p2), they must be constant. Here, 
limc^o Pf^{P2) = (^{p2), so the eigenvalues of Pf^{p2) coincide with those of cr(/i2)- In 
particular, the eigenvalues of Pf^{p2) are not real. Then, by the same method as in Step 
II of the proof of Proposition |5.6|, we can diagonalize it with a real matrix u = u{c): 



w(c)"Vf,(/^2)m(c) = ( Q ^„^i/„ 



Setting Fc = Fcu{c), we obtain a family {Fc} satisfying [(SJ, [(^ and Moreover, by 



using (/i2 o Ps)'^ = id and (6.6), {ppSi^'^^PfSp^)) = — id holds and then pp^ips) can be 
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written in the form 

(6.8) p^^{f,,)=^(^^^2'' _e--/"a) («,A,/52eM, a' + (3,(32 = l) ■ 

When c is sufficiently small, we can prove the proposition by applying the same argument 
as in Step III of the proof of Proposition |5]^, because of (3i/(32 > 0. So it is sufficient to 
show that P1/P2 > for any c satisfying (6.1). Thus the proof of the proposition reduces 
to the following lemma. □ 

Lemma 6.10. If c satisfies (6.1), then (3i(32 > 0. 

Proof. Since a^ps) has plus-minus ambiguity, we have two choices for cr(/i3). We choose 
(j(/i3) so that the eigenvalues of cr(yU3) are e^'^'^'/™', and then 

(a(/ii)(7(/i3))™ = aifis)"" = - id . 

By the last relation in (6.2), we have 

(6.9) Pf^t) = - i^pF^{fii)pp^{fi3)j = -ppAh) , 

where r is the deck transformation induced from the loop / surrounding the catenoid end. 
The eigenvalues of ppdP's) are ^± = s ± — s^, where s = asin(7r/n). Thus, if 

(6.10) |a| < ^ 



sin(7r/n) 

^± are complex numbers of absolute value 1, and then, there exists 6 G (0,7r) such that 
^± = e^*^ and 6 = cos~^ (a sin(7r/n)). Since a{0) = ao satisfies (6.10), there exists an 
interval Jq C M which contains the origin and (6.10) holds for each c G Iq. We now restrict 
c G /q in order to make = 1- Later, we restrict the range of c again to make \<y{c)\ < 1. 
Hence, for each c G /q, it holds that 

(6.11) trace p^^(r) = -trace {prMr = -(e"^'"^ + e*™^) = -2cosm^. 

Let M be the compactification of M and p G M a point corresponding to an end. Since 
the end is asymptotic to a standard catenoid, the Weierstrass data are also asymptotic to 
those of a catenoid. Hence there exists a coordinate z of M such that z{p) = and (G, Q) 
are expanded as 

(6.12) G = z + ..., Q=(^^ + ...ydzf. 
Let gc be the secondary Gauss map of Fc. Then, by (3.3), we have 

(6.13) g OT = pp^{t) * g = ^^^^ ^ where PfX'^) = (akj)- 

ci2ig + 022 

So, by (2.8) and the fact that the Schwarzian derivative is invariant under Mobius trans- 
formations, there exists a matrix h G SL(2, C) such that 

(6.14) b*g = z\go + giz + g2Z^ + ...), go 7^ 0, 
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where A = i/l ~ 4c. Hence, by (6.13), we have 

that is, the eigenvalues of PFcij) ^^e {±e'^'^*, ±e~'^'*'*}. So, for each c < 1/4, 

(6.15) trace pir^(r) = ±2cos7rA 

holds. Combining (6.11) and (6.15), we have icosvrA = —cosmd. Letting c — > 0, 6* tends 
to ^^(0) = 7r/m and A 1. Thus the sign on the left-hand side is "minus": 

(6.16) costtA = cos m6. 

Now we assume c satisfies (6.1), that is, c & I, where / \ {0} is the open interval 

So, if c G /, we have 

vrm ((1/2) - (1/n)) < m9 < 2n - nm ((1/2) - (1/n)) , 

because of (6.16). 

Here, 6 = 6{c) is a continuous function, and m6{0) = vr, and m6{I) is an interval 
containing vr. Thus, we have 

On (0,7r), cos6 is a decreasing function. Thus 

.71 ( ^ 

sm — = cos TT 

n \ \2 n 

This shows 









(4--- 




))--""^ 


\ \m 2 






(vr/n) < sin 


(vr/n 


)• 


C, /3l/52 = 1 




> 0. □ 



Remark 6.11. The interval (6.1) in Theorem |6.3| gives only a sufficient condition for the 
existence of deformation. However, in the case of the genus Jorge-Meeks surfaces, one 
can determine a necessary and sufficient condition on c so that there exists a corresponding 
CMC-c surface. Indeed, for the Jorge-Meeks n-oid /o : M — >■ as in Example |6.5| , there 
exists a corresponding CMC-c immersion into H^{—c^) if and only if c & /o,+, /o,- or Ik 
{k = 1, 2, . . . ), where 

f n-l\ f n+1 

-'0,+ = 0, — ^ I , Jo - = 5—, 

(6 18) \ J \ 

=(-(^-4)(* + ^4)-(*4)(* + ^4)) (* = i.2.-). 

Since m = 2 in this case, the condition (6.16) can be rewritten as cosvrA = cos 2^ = 
2cos^^ — 1, and recalling that cos 6' = asin(7r/n) (see the first part in the proof of 
Lemma |5.1(J| ), we have costtA = 2a;^ sin^ (vr/n) — 1, and then, = (cos7rA-|-l)/(2 sin^ (^r/n)) 
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Figure 9. The catenoid fence and its fundamental disk 




Figure 10. The image of Mq by Go 

holds. Here, a corresponding CMC-c immersion exists if and only if the conclusion of 
Lemma |6.10| , i.e., /3i/?2 = 1 — > holds. (Otherwise, one cannot find fc with SU{2)- 
condition.) Using the above relation, this necessary and sufficient condition is rewritten 
as costtA + 1 < 2 sin^(7r/n), where A = Vl — 4c. This inequality holds if and only if (6.18) 
holds. 

By the same argument as Remark |6.4| , the total absolute curvature for (c G Ik) varies 
over the interval {4:7r{n{k + 1) — 2},A7m{k + 1)). Numerical investigations suggest that 
the surface is embedded for c G /o,+ sufficiently near [n — l)/n'^. 

7. Periodic CMC-c surfaces 

The construction in Section ^ depends on the properties of minimal surfaces in R^. 
However, our method can sometimes be applied even if the corresponding minimal surfaces 
do not exist. We believe that the following example is of interest, because our construction 
method here is independent of the corresponding minimal surfaces. 

In this section, we shall construct singly-periodic CMC-c surfaces in H^{—c^). The 
corresponding minimal surfaces are well-known as the "catenoid fence" and "Jorge-Meeks 
n-oid fence" (cf. |[Kai|| , 0, Figure y). Although, in the following argument, we borrow 
geometric intuition from the corresponding minimal surfaces, our construction will not 
depend on them. Thus, by letting c — >^ 0, we have another way to construct the minimal 
catenoid (resp. n-oid) fence. 

We denote the shaded region in Figure ^ by Mq. It is the fundamental region of the 
catenoid fence, that is, the whole surface is obtained by reflections of Mq about its bound- 
ary curves. In the CMC-c case, we define the underlying Riemann surface and the data g 
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Figure 11. Modified Fundamental Region Ms^q. 
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Figure 12. The Riemann surface Ms. 

and Q by modifying Mq. Let Go and Qq be the Gauss map and the Hopf differential of 
the minimal surface Mq. We consider Go as a map to the unit sphere S"^ . So the image 
of Gq in 5"^ looks like Figure where each aj is the image of a planar geodesic in the 
boundary of Mq. We identify Mq with the image of Mq by Go- 

Remark 7.1. If the "catenoid cousin fence" exists, its hyperbolic Gauss map is not singly 
periodic. Indeed, if G is singly periodic, any fundamental pieces coincide mutually com- 
pletely (not only are congruent). This contradiction implies that G cannot be singly 
periodic. 

For each number 5 G (— 7r/2, vr/2), we define a region M^o on S"^ as in Figure |TT], where 
«! and as are segments of a great circles through P, is a segment of a great circle 
centered at P, and 0:2 is one-fourth of a smaller circle centered at P with radius 7r/2 + 5. 

The boundary curves of Msfl are circles, so we reflect Ms^ infinitely often by inversions 
with respect to the boundaries of it and of its copies. Then we get an abstract Riemann 
surface Ms which is biholomorphic to C. We identify Ms with C and take a and b in C 



as in Figure |12[ We denote 

E = 
U = 



(7.1) 



e + 2Za + 2Zb, 
{u + 2Za + 2Zb) U 



-u 



2Za + 2Z6), 



and define Ms = C \ E. We need to find a 26-periodic CMC-c immersion of a cylinder 
/: Ms/{2Za) — > H^{—c^) which has ends at E and umbilic points at U. 
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Let Gsfi : M^^o M5,o C S"^ be the identity map. Since the boundary curves of Ms^ are 
circles, Gs^q can be extended to the holomorphic map G5: C = Ms — 5^ = C U {00}. 

Let reflection on M^, which is the lift of the reflection about aj. By the definition 

of Gs, it satisfies G5 o jxj = a{jij)~^ ■ Gs, where 



Cr(/ii) = id, Cr(/i2 

(7.2) 



' itan((7r/4) + ((5/2))\ 

cot ((77/4) + (5/2)) J' 



(see Figure 12). We give the following holomorphic 2-differential Qs as a Hopf differential 
on Ms. 

Lemma 7.2. There exists a meromorphic 2-differential Qs which has the following prop- 
erties. 

(1) Qs is doubly periodic with respect to the periods generated by 2a and 2b. 

(2) Qs has poles of order 2 at E, and is regular on C\E. 

(3) Qs has zeroes of order 1 at U, and is non-zero on C\U. 

(4) Qs o ftj = Qs. 

Moreover, Qs is unique up to a real constant factor. 

Proof. If we set Qs = qs{z)dz'^, then the proof reduces to finding a suitable elliptic function 
qs{z), which can be done by using elementary elliptic function theory. □ 

Hence, we can choose Gs and Qs continuously on 6 so that dsj = (1 + \Gs\^)'^ujsuJ5 is 
positive definite, where us = Qs/Gs. 

Theorem 7.3. For a sufficiently small c, there exist a number 6 and a 2b-periodic com- 
plete conformal CMC-c immersion f : Msl{2TLa) — > H^(—c^) which has hyperbolic Gauss 
map Gs and Hopf differential Qs. 



By the same argument as in the proof of Proposition we have the following: 



Lemma 7.4. There exists a two-parameter family {-Fc,<5}|c|<e,|(5|<(5o of null holomorphic im- 
mersions into SL(2,C) with the following properties: 

(1) fc,s = F,,sF*s e ^j}^/2^a(^s, Qs) for each (c, 6), where c + 0. 

(2) Fc^s is smooth in c and continuous in 6. 

(3) limc^o-^c,5 = id. 

(4) pFcAl^i) = id, and 
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where ^ = ^{c,6), p = p{c,6) and q = q{c,6) are complex-valued functions such that 
1^1 = 1, and j3, 71 and 72 are real-valued functions of c and 5. They satisfy 

p(0,5) = 0, g(0,5)=0, /3(0,5) = 1, e(0,5) = ^, 
71 (0, 5) = tan + ^ ) , 72(0, 5) = cot + ^ ) • 



Proof of Theorem 0|. In Lemma |7^, let 0(c, 5) = 71 (c, 5) 772(0, 5). So 0(0, 5) > 1 if 5 > 0, 



and 0(0,5) < 1 if 5 < 0. Then, by the continuity of 7^, there exist and 5_ such that 
0(c, 5+) > 1 and 0(c, 5_) < 1 hold for a sufficiently small c. Hence there exists 5 such that 



0(c, 5) = 1. For such c and 5, all matrices in Lemma are in SU{2). □ 



Remark 7.5. The same argument can be applied to the Jorge- Meeks n-oid fence (see 
Section 4 in [^), and this produces a Jorge-Meeks n-oid fence cousin. 

8. Appendix 

Let r be a subgroup of SU{2). In this appendix, we prove a property of a set of groups 
conjugate to F in SL{2, C) defined by 

Cr := {a G SL{2,C) ; aVa'^ C SU{2)}. 

The authors wish to thank Hiroyuki Tasaki for valuable comments on the first draft of the 
appendix. 

If cr G Cr, it is obvious that aa G Cr for all a G SU{2). So if we consider the quotient 
space 

/r := Cr/SU{2), 

the structure of the set Cr is completely determined. Define a map : Cr ^ Ti.^ by 

0(or) := a* a, 

where is the hyperbolic 3-space defined by := {aa* ; a G SL{2, C)}. Then it induces 
an injective map : Jr — * Ti.^ such that o tt = 0, where vr : Cr — * /r is the canonical 
projection. So we can identify Jr with a subset 0(/r) = 0(Cr) of the hyperbolic 3-space 
Ti^. The following assertion holds. 

Lemma. The subset 0(/r) is a point, a geodesic line, or all IH? . 



Remark. Theorem p.2| in Section 3 is directly obtained if we set F := p(7ri(M)), where p 
is the representation defined in Section 3. Indeed, the set I^{G,Q) defined in Section 3 
coincides with the set 0(/p(7r^(M)))- 

Proof. For each 7 G F, we set 

C^ := {c G SL{2, C) ; a^a'^ G SU{2)}. 

Then we have 

(8.1) Cr := n C,. 
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The condition a^a ^ e SU (2) is rewritten as a* a 7 = 70-* a. So we have 

(8.2) 0(C^) = n Z^, 

where Z,,, is the center of 7 G F. 

Assume 7 7^ ± id. If 7 is a diagonal matrix, it can easily be checked that consists of 
diagonal matrices in SL{2, C). Since any 7 e F can be diagonalized by a matrix in SU{2), 
we have = {exp(2;T) ; z E C}, where T E 5u(2) is chosen so that 7 = exp(T'). (5u(2) is 
the Lie algebra of SU{2).) Hence we have 

(8.3) 0(C^) ^TfnZ^^ exp (iRT) , 

because exp (i5u(2)) = H^. 

Suppose now that F is not abehan. Then there exist 7, 7' e F such that 77' 7^ 7'7. 
Set 7 = exp(T) and 7' = cxp(T'), where T, T' e su(2). Then we have iRT n iRT' = {0}. 
It is well-known that the restriction of the exponential map exp \isu{2) '■ isu{2) is 
bijective. Hence we have 

0(C^) n 0(Cy) = exp (iRT) n exp {iRT') = {id}. 

By (8.1), (8.2) and (8.3), we have 

0(/r) = {id} (if F is not abelian). 

Next we consider the case F is abelian. If F C {±id}, then obviously 

0(/r)=7^-^ (ifrc{±id}). 

Suppose F ^ {±id}. Then there exists 7 e F such that 7 7^ ±id. We set 7 = expT (T G 
5u(2)). Since exp(MT) is a maximal abelian subgroup containing 7, we have F C exp(MT). 
Then by (8.3), we have 

0(/r) = exp(«T) (if F ^ {± id} is abehan). □ 
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